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ON HECKE EIGENVALUES OF CUSP FORMS IN ALMOST ALL
SHORT INTERVALS
JISEONG KIM
Abstract. Let q be a positive integer, ψ(x) be a function such that ψ(x) → ∞,
as x → ∞. We show that for any real valued function h(x) such that h(X)−1 ≪
ϕ(q)q−2(logX)2α−2, h(X) = o(X),there exits a Dirichlet character χ(modulo q) such
that
x+h(X)∑
n=x
|c(n)|χ(n)≪ h(X)ψ(X)ϕ(q)q−2(logX)α−1
for all but at most O(X(ϕ(q)q−2)−1ψ(X)−2) integers x ∈ [X, 2X−h(X)] where c(n)
is a n-th normalized Fourier coefficient of holomorphic Hecke cusp form on SL(2,Z),
α is defined in (1.3) and ϕ is the Euler totient function.
We also show that for any real valued function h(x) such that h(X)−1 ≪ ϕ(q)2q−2(logX)2α−2,
h(X) = o(X), the following is true;
x+h(X)∑
n=x,(n,q)=1
|c(n)| ≪ h(X)ψ(X)ϕ(q)2q−2(logX)α−1
for all but at most O(X(ϕ(q)2q−2)−1ψ(X)−2) integers x ∈ [X, 2X − h(X)].
1. Introduction
Let c(n) be a nth normalized Fourier coefficient of a holomorphic Hecke cusp form f(z)
on SL(2,Z) of even integral weight k for the full modular group.
It is well known that holomorphic Hecke cusp form f(z) has the Fourier expansion at
the cusp ∞
(1.1) f(z) =
∞∑
n=1
bne(nz)
where e(nz) = e2πinz. Normalized Fourier coefficient c(n) of f(z) is defined by
(1.2) c(n) := bnn
−k−1
2 , c(1) = 1.
Let α be an average value of |c(p)| over primes ;
(1.3)
∑
p<x
|c(p)|
p
=
∑
p<x
α
p
+O(1).
(Sato-Tate conjecture implies that α = 83π (= 0.848826...). Without Sato-Tate conjec-
ture, it is known that α ≤ 1718 . see [1] ).
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For h = Xδ for some δ ∈ (0, 1], by Shiu’s theorem(see Lemma 2.2),
X+h∑
n=X
|c(n)|χ(n)≪
X+h∑
n=X
|c(n)| ≪ h
X∏
p=1
(1 +
α− 1
p
)≪ h(logX)α−1
(For enoughly big X). But when h(X) = o(Xδ) for all δ > 0, we can not use Shiu’s
theorem(directly) because the interval is too short. We use some arguments of the papers
[4], [5]. If we assume that the Ramanujan-Petersson conjecture is true, then we can
generalize our results to non-holomorphic Hecke cusp forms.
For applications (see Section 5), we get some integral bounds of (
∑2X
n=X |c(n)|e(nx))
2.
Throughout the paper, for any two functions k(x) and l(x), k(x) ≪ l(x)(and k(x) =
O(l(x))) means that there exists a constant C such that |k(x)| ≤ Cl(x) for all x,
k(x) = o(l(x)) means |k(x)
l(x) | → 0 as x→∞, and n ∼ X means n ∈ [X, 2X ].
Theorem 1.1. Let ψ(x) : R→ R be a function such that ψ(x)→∞ as x→∞.
Then for any real valued function h(x) such that h(X)−1 ≪ ϕ(q)q−2(logX)2α−2,
h(X) = o(X), there exists a character χ(modulo q) such that
x+h(X)∑
n=x
|c(n)|χ(n)≪ h(X)ψ(X)ϕ(q)q−2(logX)α−1
for all but at most O(X(ϕ(q)q−2)−1ψ(X)−2) integers x ∈ [X, 2X − h(X)].
The existence of χ comes from upper bound of
∑
χ(mod q)
∫ T
−T
∣∣∣ ∑
n∼X
|c(n)|χ(n)
n1+it
∣∣∣2dt
(see Lemma 2.3).
Let χ0 be a principal character mod q. Since
∫ T
−T
∣∣∣ ∑
n∼X,(n,q)=1
|c(n)|
n1+it
∣∣∣2dt
=
∫ T
−T
∣∣∣ ∑
n∼X
|c(n)|χ0(n)
n1+it
∣∣∣2dt
≪
∑
χ(mod q)
∫ T
−T
∣∣∣ ∑
n∼X
|c(n)|χ(n)
n1+it
∣∣∣2dt,
we deduce the following theorem.
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Theorem 1.2. Let ψ(x) : R→ R be a function such that ψ(x)→∞ as x→∞.
Then for any real valued function h(x) such that h(X)−1 ≪ ϕ(q)2q−2(logX)2α−2,
h(X) = o(X),the following is true;
x+h(X)∑
n=x,(n,q)=1
|c(n)| ≪ h(X)ψ(X)ϕ(q)2q−2(logX)α−1
for all but at most O(X(ϕ(q)2q−2)−1ψ(X)−2) integers x ∈ [X, 2X − h].
Remark 1.3. Let
R1(x) :=
x+h(X)∑
n=x
|c(n)|χ(n),
K(X) := {x ∈ [X, 2X − h]|h(X)ψ(X)ϕ(q)q−2(logX)α−1 ≪ R1(x)}.
Then
K(X)h(X)ψ(X)ϕ(q)q−2(logX)α−1
≪
∑
X≤x≤2X,h(X)ψ(X)ϕ(q)q−2(logX)α−1≪R1(x)
|R1(x)|
≪
∑
X≤x≤2X
|R1(x)|
≪
∑
X≤x≤2X
x+h(X)∑
n=x
|c(n)| ≪ h(X)X(logX)α−1.
Therefore, X(ψ(X)ϕ(q)q−2)−1 will be a trivial bound for K(X). So the upper bound of
K(X) from Theorem 1.2 saves ψ(X).
If {c(n)} are Hecke eigenvalues for holomorphic forms, it is well known that for enoughly
big X,
X∑
n=1
|c(n)|2 = c1X +O(X
3
5 ),
X∑
n=1
|c(n)|4 = c2X logX + c3X +O(X
7
8
+ǫ),
for some c1, c2, c3(see [3]). And it is also known that average of c(p)
2 over primes is 1(see
Lemma 2.4). So, the upper bound of
∑2X
n=X |c(n)|
2 from Shiu’s theorem is also O(X).
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Theorem 1.4. Let ψ(x) : R→ R be a function such that ψ(x)→∞ as x→∞.
Then for any real valued function h(x) such that h(X)−1 ≪ ϕ(q)2q−2(logX)−1, h(X) =
o(X), the following is true;
x+h(X)∑
n=x,(n,q)=1
|c(n)|2 ≪f h(X)ϕ(q)
2q−2ψ(X)
for all but at most Of (X(ϕ(q)
2q−2)−1ψ(X)−2) integers x ∈ [X, 2X − h(X)].
Remark 1.5. Let
R2(x) :=
x+h(X)∑
n=x,(n,q)=1
|c(n)|2,
L(X) := {x ∈ [X, 2X − h(X)]|h(X)ψ(X)ϕ(q)q−2(logX)α−1 ≪ R2(x)}.
By similar arguments as in Remark 1.3, X(ψ(X)ϕ(q)2q−2)−1) will be a trivial bound for
L(X).
Theorem 1.6. Let k ∈ N be fixed, ψ(x) : R → R be a function such that ψ(x) → ∞ as
x→∞. Assume
(1.4)
2X∑
n=X
|c(n)|2
k+1
≪f X(logX)
β ,
(1.5)
X∑
p=1
|c(p)|2
k
p
=
X∑
p=1
γ
p
+O(1),
for some β, γ > 0.
Then for any real valued function h(x) such that h(X)−1 ≪ ϕ(q)2q−2(logX)−β+2γ−2,
h(X) = o(X), the following is true;
x+h(X)∑
n=x,(n,q)=1
|c(n)|2
k
≪f h(X)ϕ(q)
2q−2(logX)γ−1ψ(X)
for all but at most Of (X(ϕ(q)
2q−2)−1ψ(X)−2) integers x ∈ [X, 2X − h(X)].
By Chebyshev’s Inequality and Lemma 2.1, Theorem 1.4 is deduced from the upper
bound of ∑
χ(mod q)
∫ T
−T
∣∣∣ ∑
n∼X
|c(n)|2χ(n)
n1+it
∣∣∣2dt
(see Proof of Theorem 1.4).
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Let k ∈ N,
J :=
∑
χ(mod q)
∫ T
−T
∣∣∣ ∑
n∼X
|c(n)|2
k
χ(n)
n1+it
∣∣∣2dt.
By similar arguements in the proof of Lemma 2.3,
J ≪ ϕ(q)
T
X2
∑
n∼X,(n,q)=1
|c(n)|2
k+1
+ ϕ(q)
T
X2
∑
0<|h|< 2X
Tq
∑
n∼X,(n,q)=1
|c(n)2
k
c(n+ hq)2
k
|.
By similar arguments as in the proof of Theorem 1.4, we can get Theorem 1.6 easily.
2. Lemmas
For the convenience, we denote h := h(X).
Lemma 2.1.
(2.1)
1
X
∫ 2X
X
∣∣∣ 1
h
x+h∑
n=x
|c(n)|χ(n)
∣∣∣2dx
≪
∫ Xh−1
0
∣∣∣ ∑
n∼X
|c(n)|χ(n)
n1+it
∣∣∣2dt+ max
T>Xh−1
Xh−1
T
∫ 2T
T
∣∣∣ ∑
n∼X
|c(n)|χ(n)
n1+it
∣∣∣2dt.
Proof.
We modified (Lemma 14, [4]).
Let
F (s) :=
∑
n∼X
|c(n)|χ(n)
ns
,
where n ∼ X := n ∈ [X, 2X ].
By Perron’s formula,
∑
x≤n≤x+h
|c(n)|χ(n) =
1
2pii
∫ 1+i∞
1−i∞
F (s)
(x+ h)s − xs
s
ds.
Let
V =
1
h2X
∫ 2X
X
∣∣∣
∫ 1+i∞
1
F (s)
(x + h)s − xs
s
ds
∣∣∣2dx.
By
(x+ h)s − xs
s
=
1
2h
[ ∫ 3h
h
(x + w)s − xs
s
dw −
∫ 3h
h
(x+ w)s − (x+ h)s
s
dw
]
,
V ≪ Xh−4
∫ 2X
X
∣∣∣
∫ 3h
x
h
x
∫ 1+i∞
1
F (s)xs
(1 + w)s − 1
s
dsdw
∣∣∣2dx
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+Xh−4
∫ 2X
X
∣∣∣
∫ 3h
x+h
0
∫ 1+i∞
1
F (s)(x+ h)s
(1 + w)s − 1
s
dsdw
∣∣∣2dx
By mean value theorem,
≪
1
h2X
∫ 2X
X
∣∣∣
∫ 1+i∞
1
F (s)xs
(1 + u)s − 1
s
ds
∣∣∣2dx,
for some u≪ h
X
.
Let g be a smooth function supported on [X2 , 4X ], g
′(x)≪ 1
X
, then
V ≪
1
h2X
∫
g(x)
∣∣∣
∫ 1+i∞
1
F (s)xs
(1 + u)s − 1
s
ds|2dx
≪
1
h2X
∫ 1+i∞
1
∫ 1+i∞
1
∣∣∣F (s1)F (s2)min{ h
X
,
1
|t1|
}min{
h
X
,
1
|t2|
}
∣∣∣
∣∣∣
∫
g(x)xs1+s¯2dx
∣∣∣|ds1ds2|
Since ∫
g(x)xs1+s¯2dx≪
1
X
∣∣∣
∫ 4X
X
2
xs1+s¯2+1
s1 + s¯2 + 1
dx
∣∣∣,
V ≪
1
h2X
∫ 1+i∞
1
∫ 1+i∞
1
∣∣∣F (s1)F (s2)min{ h
X
,
1
|t1|
}min{
h
X
,
1
|t2|
}
X3
|t1 − t2|2 + 1
∣∣∣|ds1ds2|
≪
X2
h2
∫ 1+i∞
1
∫ 1+i∞
1
|F (s1)|
2min{( h
X
)2, |t1|
−2}+ |F (s2)|
2min{( h
X
)2, |t2|
−2}
|t1 − t2|2 + 1
|ds1ds2|
≪
∫ 1+iX
h
1
|F (s)|2|d(s)|+
X2
h2
∫ 1+i∞
1+ iX
h
|F (s)|2
|t|2
|ds|
For 2nd integral, since |t|−2 ≪
∫ 1+2it
1+it
|T |−3dT,
V ≪
∫ 1+iX
h
1
|F (s)|2|d(s)|+
X2
h2
∫ 1+i∞
1+ iX
2h
1
T 3
∫ 1+2iT
1+iT
|F (s)|2|ds||dT |
≪
∫ 1+iX
h
1
|F (s)|2|d(s)|+
X2
h2
h
X
max
T> X
2h
1
T
∫ 1+2iT
1+iT
|F (s)|2|ds|
≪
∫ Xh−1
0
∣∣∣
2X∑
n=X
|c(n)|χ(n)
n1+it
∣∣∣2dt+ max
T>Xh−1
Xh−1
T
∫ 2T
T
∣∣∣
2X∑
n=X
|c(n)|χ(n)
n1+it
∣∣∣2dt.
Lemma 2.2. ([5],[7])
Let 0 < δ ≤ 1, f be a non-negative multiplicative function such that f(n) ≪ d(n)k for
some k > 0. For Y = Xδ ≥ 2,
(2.2)
X+Y∑
n=X
f(n)≪δ Y
∏
p<X
(1 +
f(p)
p
)(logX)−1.
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Lemma 2.3.
(2.3)
∑
χ(mod q)
∫ T
−T
∣∣∣ ∑
n∼X
|c(n)|χ(n)
n1+it
∣∣∣2dt≪ Tϕ(q)
X2
∑
n∼X
|c(n)|2 + (
ϕ(q)
q
)
2
(logX)2α−2.
Proof.
Most parts of the proof come from (Lemma 5.2, [5]).
Let
I :=
∑
χ(mod q)
∫ T
−T
∣∣∣ ∑
n∼X
|c(n)|χ(n)
n1+it
∣∣∣2dt.
Let φ be a non-negative smooth function such that φ ≥ 1 for |x| ≤ 1, φˆ(x) = 0 for |x| > 1.
Then
I ≤
∑
χ(mod q)
∫ ∞
−∞
∣∣∣ ∑
n∼X
|c(n)|χ(n)
n1+it
∣∣∣2φ( t
T
)dt
=
∑
χ(mod q)
∑
m,n∼X
c(m)c(n)
(mn)
χ(m)χ(n)T φˆ(T log(
m
n
)).
For each fixed n, a range ofm is decided by compact support of φˆ (m = n+h, |h| ≤ 2X
T
),
and by sum over characters χ(mod q),
I ≪ ϕ(q)
T
X2
∑
n∼X,(n,q)=1
|c(n)|2 + ϕ(q)
T
X2
∑
0<|h|< 2X
Tq
∑
n∼X,(n,q)=1
|c(n)c(n+ hq)|.
The right-hand side of (2.3) is deduced from (Lemma 2.3, [5]) ;
∑
0<|h|< 2X
Tq
∑
n∼X,(n,q)=1
|c(n)c(n+ hq)| ≪
2X
Tq
X
∏
p≤X.p∤q
(1 +
|c(p)|
p
)2(logX)−2
∏
p|q
(1−
1
p
).
By Lemma 2.3, there exists a χ(mod q) such that
∫ T
−T
∣∣∣ ∑
n∼X
|c(n)|χ(n)
n1+it
∣∣∣2dt≪ T
X2
∑
n∼X
|c(n)|2 + (
ϕ(q)
q
)
2
ϕ(q)−1(logX)2α−2
≪
T
X
+ ϕ(q)q−2(logX)2α−2.
Lemma 2.4. ∑
p<X
c(p)2
p
=
∑
p<X
1
p
+O(1)
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Proof.
Let
L(g, s) :=
∞∑
n=1
c(n)n−s.
L(g ⊗ g¯, s) has a zero free region by ([2], Theorem 5.44), and by ([3],Theorem 0.4),
x∑
n=1
c(n)4 ≪ x log x.
By ([2], Theorem 5.13),∑
p≤x
c(n)2Λ(n) = x+O(x(log x)e−c log
1
2 x),
for some c > 0, where Λ is the von Mangoldt function. By partial sumation,
∑
1<p≤x
c(p)2
p
=
∫ x
2
1
t log t
d(
∑
p≤t
c(n)2Λ(n)) +O(1) = log log x+O(1) =
∑
p≤x
1
p
+O(1).
3. Proof of Theorem 1.1
Proposition 3.1. There exists a χ(mod q) such that when h(X)−1 ≪ ϕ(q)q−2(logX)2α−2,
1
X
∫ 2X
X
|
1
h
x+h∑
n=x
|c(n)|χ(n)|2dx≪ ϕ(q)q−2(logX)2α−2.
Proof.
By Lemma 2.3, ∫ Xh−1
0
|
∑
n∼X
|c(n)|χ(n)
n1+it
|2dt≪ ϕ(q)q−2(logX)2α−2.
By similar way,
max
T>Xh−1
Xh−1
T
∫ 2T
T
|
∑
n∼X
|c(n)|χ(n)
n1+it
|2dt
≪ max
T>Xh−1
Xh−1T−1(
T
X
+ ϕ(q)q−2(logX)2α−2)≪ ϕ(q)q−2(logX)2α−2.
By lemma 2.1,
1
X
∫ 2X
X
|
1
h
x+h∑
n=x
|c(n)|χ(n)|2dx≪ ϕ(q)q−2(logX)2α−2.
ON HECKE EIGENVALUES OF CUSP FORMS IN ALMOST ALL SHORT INTERVALS 9
(Proof of Theorem 1.1) By Chebyshev’s inequality,
|{x ∈ [X, 2X − h]||
1
h
x+h∑
n=x
|c(n)|χ(n)| ≥ ψ(X)ϕ(q)q−2(logX)α−1}|
≪ (ψ(X)ϕ(q)q−2(logX)α−1)−2
∫ 2X
X
|
1
h
x+h∑
n=x
|c(n)|χ(n)|2dx = O(X(ϕ(q)q−2)−1ψ(X)−2)
4. Proof of Theorem 1.4
By modifying Lemma 2.1, we get
1
X
∫ 2X
X
|
1
h
x+h∑
n=x
|c(n)|2χ(n)|2dx
≪
∫ Xh−1
0
|
∑
n∼X
|c(n)|2χ(n)
n1+it
|2dt+ max
T>Xh−1
Xh−1
T
∫ 2T
T
|
∑
n∼X
|c(n)|2χ(n)
n1+it
|2dt.
By modifying Lemma 2.3(and Lemma 2.2, 2.4) we get
∫ T
−T
|
∑
n∼X,(n,q)=1
|c(n)|2
n1+it
|2dt≪
Tϕ(q)
X2
∑
n∼X
|c(n)|4 + (
ϕ(q)
q
)
2
≪f Tϕ(q)X
−1 logX + (
ϕ(q)
q
)
2
.
Since h(X)−1 ≪ (ϕ(q)
q
)
2
logX−1, by similar arguments as in the proof of Theorem 1.1,
we deduce Theorem 1.4.
5. Application
Lemma 5.1. (Gallagher’s Lemma) Let f : N→ R be supported on [X, 2X ], h ≥ 1. Then
∫ 1
h
− 1
h
∣∣∣ ∑
n∼X
f(n)e(nα)
∣∣∣2dα≪
∫ 2X
X
∣∣∣h−1 ∑
x≤n≤x+h
|f(n)|
∣∣∣2dx.
Proof.
See ([6], chapter 1).
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We know that
(5.1) |c(n)| ≤ d(n) ≤ e(log 2+o(1))
logn
log logn .
By Gallagher’s lemma,
(5.2)
∫ 1
h
− 1
h
∣∣∣ ∑
n∼X
|c(n)|e(nα)
∣∣∣2dα≪
∫ 2X
X
∣∣∣h−1 ∑
x≤n≤x+h
|c(n)|
∣∣∣2dx
≪ Xe2(log 2+o(1))
logX
log logX .
By Theorem 1.2(q=1), we get the following corollary.
Corollary 5.2. For (logX)
1
9 ≪ h, h = o(X),∫ 1
h
− 1
h
∣∣∣ ∑
n∼X
|c(n)|e(nα)
∣∣∣2dα≪ Xe(log 2+o(1)) logXlog logX (logX)− 118 .
Proof.
Let
K(X) := {x ∈ [X, 2X − h]|ψ(X)(logX)−
1
18 ≪ h−1
∑
x≤n≤x+h
|c(n)|}.
Then
∫ 2X
X
∣∣∣h−1 ∑
x≤n≤x+h
|c(n)|
∣∣∣2dx≪ ∑
x∈K(X)
sup
x≤n≤x+h
d(n)2 +
∑
x∈[X,2X]∩K(X)c
(logX)−
1
9ψ(X)2
≪ Xψ(X)−2e2(log 2+o(1))
logX
log logX +X(logX)−
1
9ψ(X)2.
Put ψ(X) = (logX)
1
36 e
1
4
(log 2+o(1)) logX
log logX .
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